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Abstract 

We describe the worldvolume for the bosonic sector of the lower-dimensional F- 
theory that embeds 5D, N=1 M-theory and the 4D type II superstring. This theory 
is a complexification of the fundamental 5-brane theory that embeds the 4D, N=1 M- 
theory of the 3D type II string in a sense that we make explicit at the level of the 
Lagrangian and Hamiltonian formulations. We find three types of section condition: in 
spacetime, on the worldvolume, and one tying them together. The 5-brane theory is 
recovered from the new theory by a double dimensional reduction. 
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1 Introduction 


Previously [1-3] we analyzed the extension of worldsheet first-quantization of 3D string 
theory (S-theory), and its manifestly T-dual formulation (T-theory), to M-theory and F- 
theory on branes. Our approach [ ] is unrelated to any other treatment of branes in that 
the brane coordinates X(a) carry only indices that are simultaneously worldvolume and 
spacetime indices. They are also selfclual differential forms (similar to [ 1—( ]). This results in 
section conditions involving not only spacetime (as for T-gravity [7-9] and F-gravity [10-1 ]) 
but also the worldvolume. If extended to the full 10D type II string, this would allow for the 
first time an analysis of massive modes under the full STU-duality. 

In this paper we describe the F-theory corresponding to type II strings in 4D from its 
formulation as a fundamental brane. This new theory is the complexihcation of the funda¬ 
mental 5-brane theory [ ] corresponding to the 3D type II string after reformulating the latter 
in bispinor notation. In addition to the target space sectioning constraint and Gaufi’s law 
relating target and worldvolume coordinates, the Hamiltonian analysis reveals a constraint 
implying a new type of sectioning quadratic in derivatives on the worldvolume. Solving 
these conditions reduces the F-theory to M-, T- and S-theories, as required. Alternatively, 
we recover the original 5-brane theory by a double dimensional reduction (corresponding to 
wrapping the brane on a 6-torus and then compactifying). By design, the theory’s current 
algebra gives rise to C- and D-brackets that are covariant under the exceptional symmetry 
.2/5(5) = Spin(5,5). After coupling to a general background, we verify explicitly that they 
reduce to the exceptional geometry brackets of F-gravity when truncated to massless modes. 

The remainder of this note is organized as follows: In section we review the 5-brane 
theory corresponding to the 3D type II string in a formulation amenable to generalization to 
4D. This is carried out in section by complexifying the coordinates in the Lagrangian for¬ 
mulation. The three types of constraints relating target space and worldvolume coordinates 
to themselves and each other are derived. They and the currents form a closed subalgebra 
that is studied in section . In section 5 the constraints are solved, reducing F —> M, T, and 
S. The double dimensional reduction recovering the 5-brane theory is also given. Our results 
are summarized in section . 
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2 3D revisited 


Since the isotropy group Sp(4; C) of the F-theory for the 4D superstring is the complex- 
ihcation of that for 3D, it will prove suggestive to review the 3D case here. However, the 
spacetime coordinates of the 4D case are in the spinor representation of the isometry group 
0(5,5), which begs the use of spinor notation. The result resembles the so-called “Kahler- 
Dirac formalism” [ - ] in that the gauge fields, gauge parameters, etc., are represented by 

bispinors (polyforms). 

The Lagrangian for the selfdual 3-form on a 5-brane has manifest 0(3,3) invariance [ ]. In 
Spin(3, 3) = SL(4; R) form, the 2-form gauge field is a real, traceless 4x4 matrix (Spin(3, 3) 
2-form) with 1-form gauge transformation 

8Zj = d ai \^ - d^\ ai 

= 2<9 cry A /37 - \^ a d lS \ l6 with X T = -A. (2.1) 

(Pairs of anti-symmetric spinor indices can be raised and lowered with ±e al3lS and ^e^s-) 
The fieldstrength has (anti-) self dual parts which become symmetric bispinors 

F$ = d l{a Ztf and F^ )afi = d^ a Z^ (2.2) 

satisfying the Bianchi identity 

d ai F { + ] - ^ 7 F ( - )a7 = 0. (2.3) 

This makes clear the infinite, repeating reducibility of F — > Z —> A —> ... studied in detail 
in reference [ ]. So far, the structure is actually GL(4; R) covariant but invariance of the 

Lagrangian 

L = -itrF (+) F (_) (2.4) 

reduces this to SL(4;R). (The use of e changes the GL(1) weight with implications for the 
associated (super)gravity; cf. [ ].) 

Reducing to the Hamiltonian formulation requires us to break SL(4; R) —>■ Sp(4; R). Then 
d a /3 d a/ 3 + C a pd T and d a>3 —> d a/3 — C a/3 d T , (2.5) 
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where now G ■ <9 Q j g = 0. Upon lowering an index, the 2-form 

Z a p = + Y a p) : X a p = Xp a , Y a p = —Yp a , C a ^Y a p = 0 (2.6) 

decomposes into a symmetric part X (2-form) and an antisymmetric, C-traceless part Y 
(vector). The fieldstrengths reduce to 

= x a p + ±0 7(q AV + \3 l{a Ytf and F$ = X afj - \d l{a Xtf + \d l{a Y p) \ (2.7) 
and the Lagrangian becomes 

L = —j(X mn + d[ m Y n j) 2 + j2(d\pX mn ]) 2 . (2.8) 

The momentum conjugate to Y is identically 0 whereas that conjugate to X is 

6 S 

Pmn — -:- = X mn + d [ m Y n ]. (2-9) 

5X mn 

The action in Hamiltonian form is expressed in manifestly SO(3,2)-covariant notation as 

S = ~ f \PmnX mn d 5 adr + J 11dr 

H = J [\P mn P mn + U d \P X mn ]) 2 + Y m d n P mn ] d 5 a. (2.10) 

The field Y remains only as a Lagrange multiplier for the GauB law constraint 

U m :=d n P mn = 0. (2.11) 

With the GauB law constraint taken into account, we can gauge away the Lagrange multiplier 
Y -)> 0. 

The stress-energy tensor in SL(4; R) notation is 

< j (+) _ t?(+)t?(+) (2 12) 

J aP' f S ~ r 1 [a r p]8 ■ G' 1 L ) 

(This form implies the symmetries 7 a p -y = 7 1 s a p — ~7p ai s and the identity Tayp^S] = 0.) It 
decomposes into Sp(4; R) = Spin(3, 2) representations 7 mn , § m , and 7 (21 = 15 © 5 © 1 ) of 
which only 

gr = i e mnpqr |>^ |>^ w ith current \> mn := |tr(y mn F (+) ) (2.13) 

is manifestly SL(5; R)-covariant [ ]. Together, S and U form a closed subalgebra of the 
Virasoro algebra + GauB law constraint with the larger-rank = SL(5; R) symmetry. 
This is summarized in table . 
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Lagrangian — y Hamiltonian — y Current Algebra 

Symmetry 

Virasoro 

GauB 

Spin(3,3) = SL(4; R) -» Spin(3,2) = Sp(4; R) ->■ SL(5;R) 

rr(+) <T om rr Cm 

J a(3 *y6 J mn ? & ? J ^ 

u U 


Table 1: Symmetry breaking and enhancement in the 5-brane system (rank 4) 

The Lagrangian description of the dynamics preserves a larger symmetry than the Hamiltonian description. 
On the other hand, the Virasoro+Gaufi algebra contains a kinematic subalgebra generated by § and IX 
preserving a higher-rank exceptional symmetry. 

3 Worldvolume Action 

We now give a covariant 4D theory by an appropriate complexification of the 3D case in 
spinor notation. The F-theory for the 4D string with global symmetry EG 5 ) = Spin(5, 5) is 16- 
dimensional with coordinates X M in the spinor representation. Since X M reduces in Sp(4; C) 
to a (4,4), the 3D Zj 1 of GL(4; R) must generalize (complexify) to Z Q P of GL(4;C), now 
lacking both trace and reality conditions. 

Using GL(4; C), d and Z are both 4x4 complex matrices 

d aP , 5.. = {d a p)* , Zj , Z/ = (Zj)* (3.1) 

where the d’s are anti-synmretric (6 and 6), and Z (16c) is the complexification of X (which 
is Hermitian W = X). Then the gauge transformation generalizing ( ) is 

8ZJ = d a p \ {+)p “ - d^X^. with A (±)t = —A {±) (3.2) 

anti-Hermitian gauge parameters (16 and 16'): Z has the interpretation of a complex gauge 
2-form with a complex 1-form gauge parameter. From this, we form the Hermitian matrices 

F^=dZ + dZ F{ +) =B..zJ + dp a Z/ 

F ( - ] = BZ + BZ F ( - )a “ = d^Zp" + B^z. a . (3.3) 

These are invariant under the gauge transformation ( ) provided 

V := l{d a pd afi - B.-B^) = 0. (3.4) 
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This is our first section condition. Assuming this, F satisfies the Bianchi identity (cf. ) 


q*P F (+')_q _ p (-) a/j = 0 ( 3 . 5 ) 

and its conjugate giving again the infinite, repeating reducibility 16 © 16' —»• 16c —> ■ • • of 
F^Z ^ ... (cf. [12]). 

As with the 5-brane, the Lagrangian 

L = -|trF (+) F ( - } (3.6) 

reduces the symmetry GL(4; C) —» SL(4; C). We now reduce this further SL(4; C) — > Sp(4; C) 

so 6 = 5 © 1 and 16 c = 16 © 16 with 16 = 16. We define this reduction by 

dZ -> dZ + \{Z + iZ') and 8Z -> 8Z + \{Z - iZ') (3.7) 

where now again C a ^d a p = 0 and similarly for the conjugate. Decomposing 

Z = X + lY (3.8) 

for Hermitian X and Y, we get the field strengths (free indices lowered) 

->• [X + i(d - d)Y) + [Y' -(8 + d)X\ 

F^ -)■ [X + i{8 - B)Y] - [Y' - ( 8 + B)X\. (3.9) 


The action reduces to 


S = 


1 

2 


X + l(8- B)Y - [Y' -\{8 + B)X] \ d 12 


a. 


(3.10) 


The momentum conjugate to X becomes 

P aS := - = A'„„- + | (S a0 Yl>. - B .Yj). (3.11) 

5X aa p 

Because of the form of the fieldstrengths, the action does not contain a Y 2 term. Interpreting 
X as the dynamical field, this means that in the Hamiltonian analysis of this system we 
should treat r as the “time” parameter conjugate to the Hamiltonian. In this sense, Y is not 
dynamical and we will gauge it to 0 presently. 
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The V constraint ( ) reduces to 

V i(d af} d a P - d..d^) - \d r d a . (3.12) 

A partial solution of this constraint is obtained by setting 

(anything)' = 0 and reducing V —> ^(d a pd al3 — d^-8 a ' 3 ). (3.13) 

With this the action in Hamiltonian form becomes 


S = - I P-X a(i d 10 adT+ I Hdr 


(3.14) 


H=\ 


P^P ai + (.a^xr - a.-xjf + + a.- p© 


jlO^ 
Cl (j , 


where we have normalized the volume of the gauge-fixed a direction to 1. Note that this 
expression for the Hamiltonian cannot be rewritten with manifest Spin(5, 5) invariance (e.g. 
Paa —> Pfj is a chiral ten-dimensional spinor). We interpret the field Y as a Lagrange 
multiplier for the constraint 


u a a = m 


a (3 


p/3a + a a/?p s 
a/3 


(3.15) 


generating a bosonic ^-symmetry; we use it to gauge Y —y 0. After this is imposed, the 
fieldstrengths can be written in manifestly Spin(5, 5)-covariant form 


> (i :=FW = P /i + ( 7m )^ m r and := ^ (3.16) 

after combining SL(4; C) indices into the 16 x 16 Pauli matrices 

(jaPt^m\aP Q 
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of Spin(5, 5). 

The stress-energy tensor 


m\fiu _ 


0 C' a ^h m )^ 


(3.17) 


satisfies , T (+ ' 1 . = T l+n . = — . It decomposes into Sp(4: C) representations 

a/3 a/3 a/3 a(3 (3a a/3 a/3 (3a 

7 mn , S m , and T (36 = 25 ® 10 © 1) with 


r(+)t 


r(+) 


<j-(+) _ p(+)p(+) 

a/Jd/3 ®[o /3/3] 

K+) 


(3.18) 


7 .. = F!f , F! +) - C- traces, = 7=\ C'“' , C“A ( . +) f( +) . (3.19) 

a(3 a/3 a[a pp~\ 4 4 aa pp v 7 
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Again only the S current can be written in manifestly Spin(5, 5)-covariant form: The sub¬ 
algebra of currents S, 'll, V is manifestly Spin(5, 5) covariant even thought the Hamiltonian 
description of the dynamics preserves only the Sp(4; C) subgroup. We summarize this in 
table (cf. table ). 



Lagrangian 

—)• Hamiltonian 

—> Current Algebra 

Symmetry 

Spin( 6 ;C) = SL(4; C) 

-» Spin(5; C) = Sp(4; C) 

» Spin(5,5) 

Virasoro 

T (+) 

a/3 a/3 

era <~r 

J mn 5 & i J 

S m 

Gaufi 


u . 

aa 

ID 

Laplace 

V 

v,d a 

V 


Table 2: Symmetry breaking and enhancement in the 4D system (rank 5) 

The Lagrangian description of the dynamics preserves a larger symmetry than the Hamiltonian description 
but again there is a kinematic subalgebra of the Virasoro+Gaufi+Laplace algebra preserving a higher-rank 
symmetry. Note that in this case the Lagrangian group Spin(6;C) is not a subgroup of the full symmetry 
group Spin(5, 5). 


4 Algebras and Backgrounds 

We now give an independent way to derive S —> U —> V that could be useful in cases in 
which we do not know the covariant action. (This method is simpler than finding IX and V 
by closing the S current algebra.) The constraint S ( ) is defined in terms of l>. Defining 

the analogous S in terms of t>, 

§ m — § m — -i(d m X^)P^ + 0(11) (4.1) 

(cf. [ ]) we find the IX constraint ( .15) in the form (. Similarly, 

IX = i^(> + >) and 0(>->) = 0 (V) (4.2) 

we find V ( ) appearing as d m X^d m . Just as S generates worldvolume coordinate trans¬ 

formations, IX generates residual gauge transformations. (Both generate what is left of local 
invariances once d T is thrown away.) 
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We next examine the current algebras. The covariant derivatives and symmetry currents 

(3.16) 

>„ = + hm)^d m X 1 ' , >„ = .P„ - (7 m )„„d m X" 

are bosonic, despite their resemblance to supersymmetry currents. Using the Poisson bracket 


(p„(i), a'-( 2 )] =-aya - 2 ) 

for the momentum P,, conjugate to X the brackets of the currents are 


(4,3) 


[>„(!), >t/(2)] = - 2) 

[>„(!), >,-( 2 )] = 0 

[>„(!), > 1 .( 2 )] = -2j( T „)^a m /5(l - 2). (4.4) 

The pure-spinor-like constraint ( ) [ ] 

= (4-5) 

has Poisson bracket with the current given by 


[S m (l), >,(2)] = i( lnl m )^d n 5{l - 2) >,(1). (4.6) 


Using 

d p 5{l - 2)A{l)B{2) = d p 5{l - 2)AB±((1) - (2)) + §A d p B , (4.7) 

we hnd the algebra 

[S m , S n ] = 2 id {m 5S n) - 2ir l mn d p 5(l - 2)S P - |5 [2d [m S n] + (> 7 mn U)] (4.8) 

similar to that of [ ]. Here the dS terms are evaluated at |((l) + (2)), > 7 m ”ll = l> v ( 7 mri ) I/ M 'U M 
with the bosonic ^-symmetry generator 


U' 1 := ( 7 mY v d m \> v 


(4.9) 


found previously in ( .15). The existence of 'll immediately implies another constraint: 
(' lm), J ,vd rn U v = where 

V := Vmn d m d n . (4.10) 

Thus, we recover the condition ( ) required by gauge invariance of the Lagrangian descrip¬ 

tion. 

The algebra of constraints generated by S, 'll, and V closes, and the new constraint gives 
rise to a third section condition, this time on the worldvolume. This new constraint implies 
the gauge invariance 

sx» = { lm y v d m K. (4.11) 

and the gauge-for-gauge transformation 

8\, = (4.12) 

Clearly, the gauge invariance is infinitely reducible. 

The worldvolume derivative of a function / = f(X) is given by 

d m f = d m X»dJ = + 7 nTYud n X-d,f 

= |(7 m lnrud n X^dJ (mod U) =|(7 m r(>,- 

= i(7 m )^/>- (mod >). (4.13) 

in agreement with ( ). Using this, we derive the Poisson bracket of two vector fields 
Vi = 1/T 1> M for i = 12 . Modulo second class constraints and sectioning this gives the C- 
bracket [ ] (again with the 88 term evaluated at |((1) + (2))) 

[U(1), U(2)] = 2id m sv llm v 2 - id [yc - i(7 m U7 m r] >„. (4,i4) 

The truncation of this bracket to massless modes reproduces the “exceptional Courant 
bracket” of reference [11,12], 

We now include backgrounds by dressing the covariant derivative 

>a = e</CV (4.15) 
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Using ( ), we find that under worldsheet reparameterizations 5 a1> q = [i f A M I> M , l> a ], the 

vielbein transforms according to 


Sxe^ = X u d u e a fJ ' - e a "d u Y + \{^ m ) e a p d„\” (4.16) 

in agreement with the results of [ 1, ]. The commutation relations in a general background 

are 

[>«(!), M2)] = 2i8T8{\ - 2 )g a pm\({l) + (2)) - iS( 1 - 2)/ Q /> 7 (4.17) 

where 

g a f)m ■= and M 7 := C [a/3] 7 + \CS[a(g lSm gi3]em)- (4-18) 

ffere the g’s are defined by the first equation and the generalization 

(4.i9) 

of ( ), and the “anholonomy”-type coefficients (not anti-symmetric) are defined by 

Cap 1 := (e Q e/)e M 7 . (4.20) 

The Bianchi identity [[C>( Q , D>g], l> 7 )] = 0 then implies the relations 

fj(a gp)5m 2 &^g a p m C( a gp^ m 

g^[a//37 gS]em g/[a/3 fyS]^getpm- (4-21) 

These results should be compared with the analogous expressions in reference [ ]. 

5 Sectioning 

New section conditions are obtained by replacing string coordinates with 0-modes [ ]. 
In addition to the new section condition from Gaufi’s law found in reference [ ], there is yet 
another type of section condition on the worldvolume coming from the Laplace constraint 
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( ). We collect these conditions in the following table: 


Virasoro 

S m 

= 



(5.1a) 

dimensional 

reduction 

o 

S m 

= (P7 m P) 

ip = ($py 


(5.1b) 

section 

condition 

§ m 

o 

= \{Pl m P) 

UP := {ftpY 

O 

V := d m d m 

(5.1c) 


Since we now have 3 different types of section conditions (“strong constraints”), this 
might be a good place to review the method of their solution. The basic point is that these 
conditions are applied at 2 independent points in “function space”: They take the generic 
form 

ddA = 0 and ( dA)(dB) = 0 (5.2) 

for arbitrary functions A and B and with various reductions (contractions, symmetrizations, 
etc.) on the indices. Thus in momentum space 

pp' = 0 (5.3) 

where p and p' may or may not be at the same point in function space. (In fact, our function 
space is disjoint, having momenta for both the worldvolume and spacetime: In particular, 
for the 11 section condition one of the momenta is in the worldvolume and the other in 

O 

spacetime [ ].) 

So we have not only a quadratic constraint pp = 0, but also a bilinear one pp' = 0. For 
example, for T-theory we have the universal constraint p ■ p' = 0, taking the inner product 
with the signature of the T-symmetry group 0(D,D). For the quadratic constraint the most 
general solution is to pick a lightlike basis where the 0(D,D) metric is block off-diagonal, 
then choose a frame where p has vanishing components in one of the 2 subspaces (“section”) 
corresponding to this block decomposition. The bilinear constraint is then solved by taking 
p in such a frame and finding that p' must be not only of the same form but in the same 
frame (i.e., in the same subspace). Conversely, given this p' we find that we could have 
chosen another p, but still in this same subspace. Thus although the frame is arbitrary, it is 
the same over all function space: All fields live on the same D-dimensional subspace of the 
original 2D-dimensional space. (This reduces T-theory to S-theory.) 
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Another example is the IX constraint p n p' mn = 0 considered previously for the F-theory of 

O 

the 3D string. It is only bilinear, since p m is in the worldvolume while p' mn is in spacetime. 
Because this constraint (and the whole formulation) is GL(5) covariant, we can always choose 
a frame where p m is in one particular direction, even before considering constraints. This 
directly kills all of p' mn carrying that index. Conversely, this general solution for p' mn implies 
that p m can only point in that one direction, not only for that function, but for any function 
on the worldvolume. Thus again the frame is arbitrary, but applies to all functions of either 
the worldvolume or spacetime. (This reduces F-theory to T-theory.) 

We will now carry out this reduction from F to M, T, and S for the 4D type II string. 
(See [ ] for the corresponding analysis of the 3D type II string.) The solution is represented 
schematically in the F-theory diamond of figure . 



F(X) 

-^n(n) / H n 




Figure 1: F-, M-, and T-theories associated to type II string (S-theory) on X. 

When the dimension of A' is D = 3 or 4, there is associated to the D-dimensional type II supergravity S(X) 
on X a (D + l)-dimensional N = 1 supergravity theory AI(X) and a D-dimensional, manifestly T-duality 
invariant supergravity T(X). Each of these results from a theory F(X) by solving the § constraint or U and 
V constraints, respectively [2]. 


5.1 Subsectioning F— 

We now solve the reduction conditions ( lb) and apply the logic above to the section 
constraints ( lc). We start with S conditions corresponding to the reduction F —^ M. 
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To solve the reduction and section conditions, we break Spin(5, 5) —> GL(5; R) = SL(5; R) 
x GL(1; R). This is the same as the usual argument for 0(2 n) —> U(n) (but with split, signa¬ 
ture and real representations) so we suppress the details. Decomposing P —> P + ,P m ,P mn 

O 

(16 = 1 © 5 © 10'), and similarly for 0-modes, S and S become 


S m = (p7 171 P) 



p+p r _|_ p r p+ -|- 


T) n P 

F 1 77 


l^mnpqr^ p 
2 c Fmn 1 pq 


S m = CP7» 


§ r = p+p r + I e 
S m = P Pmn 


mnpqr 


PmnPpq 


(5.4) 


(At this point, and for the remainder of this section only, the rn, n,... indices have become 
5’s.) First applying the section conditions bilinearly, we find the solution 


p+ =p™ = 0 


(5.5) 


leaving only p m . (Other maximal solutions correspond to a different frame for breaking to 
GL(5).) We then find similarly for the reduction conditions 

p+ = pmn = Q ( 5 . 6 ) 


5.2 Subsectioning F—)-T 

Solving the 'll and V constraints reduces F —» T. Unlike the 3D case reviewed in section 
, the existence of the V condition (in combination with 'll) now restricts the one direction 
of the cr derivative d to be lightlike: 

V = <9 2 = 0 => d = d + (5.7) 

(The symmetry for this theory was only SO and not GL.) The 'll and 'll constraints thus 

O 

reduce to 

U = — <9 + 7 ~p = 0 => 7 ~p = 0 (5.8) 

o 

U = -<9+7 ~P = 0 => 7 ~P = 0 (5.9) 

So we are left with a single a (in addition to r) and half (8) of the W’s, i.e., a string with 
twice (of 4) the dimensions (T-theory). 

S now reduces to the usual for T-theory; solving also these constraints therefore gives the 
4D string on the worldsheet. 
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5.3 Double Dimensional Reduction 4D —> 3D 


Instead of solving constraints, we can perform the double dimensional reduction 

P + ->• 0 , P m -> 0 , d rn ->• 0 (5.10) 

(and similarly for their 0-modes) directly on the decomposition ( ). Then it is easy to see 

that what remains of the constraints is precisely the reduction and section conditions of the 
F-theory 5-brane for the 3D string [ ]. In other words, the F-theory for the 4D type II string 
contains a subalgebra of constraints defined by the worldvolume 5 and the spacetime 10' 
that generates the F-theory algebra for the 3D type II string. Of course it is true that the 
3D type II string is embedded in the 4D type II string but this observation implies that the 
entire rank 4 F-theory diamond (fig. ) embeds into that of rank 5. 

6 Conclusions 

In this paper we described the fundamental theory giving rise to the F-theory embedding 
the four-dimensional type II string (corresponding to the split form of the rank 5 exceptional 
group -Eg( 5 ) = Spin(5,5)) as a complexihcation of that of the fundamental 5-brane of the 
3D string [ ]. This description requires three types of section condition: In addition to the 
original section condition (S) on the target space [ 11 , ] and another (IX) relating target 

space to worldvolume [3], there is now also a third section condition (V) on the worldvolume 
itself. The analysis of these constraints shows that the 3- and 4-dimensional theories are 
related by double dimensional reduction ( ). 

The structure of these theories is such that the Lagrangian theory is invariant under an 
a priori unknown symmetry group L n that is broken to the subgroup H n in the Hamiltonian 
description. This subgroup is also the (split form of the) maximal compact subgroup of the 
split form E n ( n ). We represent this in table . The algebra ( ) of the currents is manifestly 

E n („)-covariant as is the “kinetic” subalgebra of the full Virasoro+Gaufi+Laplace algebra of 
constraints that is generated by S, II, and V (eqs. ( ), ( ), and ( ), resp. and cf. table 

2 )- 

Clearly, it is of interest to extend this analysis to higher rank. The next classical super¬ 
string in the series is the 6 D type II string corresponding to the maximal global symmetry 
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D 

Lagrangian L n 

—> Hamiltonian H n 

—> Currents E n ^ n ) 

a 

X 

3 

Spin(3, 3) = SL(4; R) 

Spin(3, 2) 

= Sp(4; R) 

SL(5; R) 

5' 

10 

4 

Spin(6; C) = SL(4; C) 

Spin(5; C) 

= Sp(4; C) 

Spin(5, 5) 

10 

16 


Tabic 3: Symmetry groups of fundamental F-theory branes 
The symmetry manifested by the Lagrangian and Hamiltonian formulations of the fundamental branes of 
F-theory corresponding to type II strings in D = 3 and 4 dimensions. The rank of the global exceptional 
symmetry n = D + 1 and the representations of the worldsheet (a) and target (X) coordinates are 

given in the last two columns. 

E 7 ( 7 y In this case the naive dimension of the worldvolume exceeds that of the target so we 
expect the new worldvolume section condition (and possibly new constraints) to play a role in 
cutting this dimension down. Since these cases correspond to superstrings, supersymmetriza- 
tion of our brane systems may give insight into the fundamental theories corresponding to 
these higher-dimensional F-theories. 
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